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ABSTRACT

Porous carbon fiber preforms, such as Calcarb and Fiber-
Form, are used as reinforcements in Thermal Protection Sys-
tem (TPS) materials. Their effective conductivity is currently
measured - or evaluated from tomographies - in static condi-
tions. The thermal conductivity is therefore assumed to be a
constant with respect to the flow velocity, ignoring dispersion
effects induced by flows of pyrolysis or boundary layer gases
within the structure. The objective of this study is to evaluate
the relevance of this hypothesis, that is, estimate the influence
of the flow velocity on the true thermal conductivity tensor of
the material. The microscopic conservation equations for the
gas phase (mass, momentum, energy) and the fibers (energy)
are volume-averaged under the assumption of local thermal
equilibrium and incompressible creeping flow. The effective
conductivity can be expressed with three main terms: the
first depends on the thermal conductivities and volume frac-
tions of each phase, the second is a tortuosity term directly
related to the microscopic structure of the object, and the
third is a dispersion term related to the fluid velocity within
the structure. It is the latter whose effect on thermal conduc-
tivity will be quantified here. A periodic closure model is
implemented in the Porous material Analysis Toolbox based
on OpenFOAM (PATO) to study the cases of arrays of solid
cylinders. The results obtained are validated by comparison
with the literature and extended to conditions relevant for
the TPS application. The study is then applied to a 3D to-
mography of Carlcarb to determine at what flow velocity the
dispersion is important by varying the Péclet number. The
results are linked with experimental measurements, presented
in a companion presentation (Experimental investigation of
heat transfer in Calcarb : one or two temperature model ?, S.
Liu et al.).

Index Terms— Effective thermal conductivity, Volume
averaging, Péclet, Dispersion, Thermal Protection System,
Calcarb, Micro-CT image, Pore-scale numerical simulations.

1. INTRODUCTION

During hypersonic atmospheric entry, space vehicles are sub-
mitted to intense heat fluxes [1, 2]. Thermal protection sys-
tems (TPS) are used to protect the payload. Porous materials
are often selected as they combine light weight and reduced
thermal conductivity. For example, porous ceramic materi-
als were used to protect the Space Shuttle [3]. Porous ab-
lative material have been actively developed during the last
decades. A notable example is the Phenolic Impregnated Car-
bon Ablator (PICA) [4] that was employed for the heatshield
of the Stardust capsule (2006) [5], the Mars Science Labora-
tory (2012) [6], Mars 2020 [7].
Numerical modeling of the response of a thermal protection
material must be able to describe heat transfer with accuracy.
Uncertainty propagation analyses have shown that the thermal
conductivity is an essential parameter in TPS design [6, 8, 9].
The thermal conductivity is experimentally measured using
techniques such as the Hot Disk (HD) or Laser Flash Analy-
sis (LFA) [4]. These measurements are made in static condi-
tions - i.e. no gas flow through the sample. The thermal con-
ductivity is therefore assumed to be a constant with respect
to the flow velocity. However, the thermal conductivity in-
creases with the flow velocity. This effect is called dispersion
[10]. Ignoring dispersion effects induced by flows of pyrol-
ysis or boundary layer gases within the structure is a source
of uncertainty for material response models. This hypothesis
is acceptable as long as the Péclet number describing the ra-
tio between convective and conductive effects remains small
compared to 1, which is often considered true in the case of at-
mospheric entry. This parameter can change during the flight
due to a high gas velocity or an increase in the characteristic
pore length relative to cracks. In this context, it is important
to quantify the impact of the convective effect in function of
Péclet number. Experimental methods to quantify the convec-
tive impact are being developed, more details can be found in
the article submitted by Shaolin Liu for the FAR conference
2022: ” Experimental investigation of heat transfer in Calcarb
: one or two temperature model?”.
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With the generalization of Computed X-Ray Tomography
and parallel numerical simulations, numerical analyses are
also carried out to improve our understanding of heat trans-
fer in porous materials [11]. It remains a complex topic due
to the coupling of conduction, convection and radiation. Pan-
erai et al. studied the effective conductivity of carbon fiber
preforms [12]. Nouri et al. studied conduction-radiation cou-
pling [13]. In this work we will study conduction-convection
coupling with the objective of evaluating the influence of the
flow velocity on the true thermal conductivity tensor of the
material. In the second section, the heat transfer equations
are homogenized using the volume averaging method under
the assumption of local thermal equilibrium between the fluid
and solid regions [10, 14]. A closure problem is derived to
allow computing the dispersion component of the effective
conductivity from the intrinsic properties, microscopic archi-
tecture and flow velocity. In section three, this upscaling ap-
proach is applied to a periodic array of cylinders and validated
by comparison with literature data. In section four, the strat-
egy is applied to a tomography of Calcarb, which is the car-
bon preform of ASTERM, a porous carbon phenolic material
developed by ArianeGroup for ESA missions.

2. VOLUME AVERAGING

Since the late 19th century, the multi-scale behavior of multi-
phase materials has been of research interest. The first works
carried out made it possible to bring out the concept of ef-
fective properties. Nowadays, the determination of effective
properties for multiphase media has applications in various
types of materials and fields. Mention may be made of com-
posite materials, biological and geological structures or build-
ing construction materials. Several methods have been devel-
oped [15]. In this work we will use the volume averaging
theory. It will be presented and applied to our problem of
interest.

2.1. Theory

Volume averaging relies on spatially averaging the micro-
scopic partial differential equations to derive a set of macro-
scopic equations.

This method is used to derive continuity equations in a
multiphase system like the one represented in Fig. 1. In other
words, this means that the equations valid in each phase are
spatially extended in order to obtain equations valid every-
where at the macroscopic scale. This methodology drastically
simplifies the problem since it avoids the direct simulation at
the scale of the pore by carrying out the modeling at the Darcy
scale. As shown in the figure, two scales are considered. The
first one is the microscopic scale encompassing the complex
structure of the material with several phases, as seen in zoom
of Fig. 1. The second one is the macroscopic scale where mi-
crostructural effects are taken into account in an average man-

Fig. 1. Typical representative elementary volume (REV) for
an arbitrary porous medium

ner, which is generally sufficient for design purposes. Volume
averaging produces satisfactory results if the condition Eq.(1)
is satisfied [16, 15]

l ≪ d ≪ D (1)

where l is the characteristic length of the pores, d the char-
acteristic length of the REV and D the characteristic length of
the problem studied.
The definitions of the phase average and intrinsic phase aver-
age [17, 18] for a phase α are defined as


⟨·⟩ = 1

V

∫
Vα

· dV

⟨·⟩α = 1
Vα

∫
Vα

· dV
(2)

and the associated operators are given by
⟨∇ ·⟩ = ∇⟨·⟩+ 1

V

∫
Aαβ

· nαβ dA

⟨ ∂·∂t ⟩ = ∂
∂t ⟨·⟩ −

1
V

∫
Aαβ

· W · nαβ dA
(3)

where V represents the representative elementary volume
and Vα the volume occupied by the α-phase in V . Aαβ is the
area of the interface between the α and β phases, W is the
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displacement vector of the interface and nαβ the outgoing
unit normal vector at the interface pointing from α-phase to
β-phase.

A general microscopic mass transport equation of a prop-
erty Ψ [17] is written as

∂Ψ

∂t
+∇ · (uΨ) = ∇ · Ω+ σ (4)

where Ω is a tensor of one order greater than Ψ, σ a source
term and u the velocity.

Taking the phase average of the quantity Ψ in the α-phase
and applying the previous relations in Eq.(2) and Eq.(3) to the
general transport equation, gives

∂

∂t
⟨Ψα⟩+∇ · ⟨uαΨα⟩+

1

V

∫
Aαβ

Ψ(uα −Wα) · nαβ dA

= ∇ · ⟨Ωα⟩+
∫
Aαβ

Ωα · nαβ dA+ ⟨σα⟩

(5)

Each field is decomposed into its phase average and a per-
turbation [17, 19, 15]


u = ⟨u⟩+ ũ

Ψ = ⟨Ψ⟩+ Ψ̃
(6)

This decomposition is applied to the previous develop-
ment by considering the source term equal to zero and a static
interface.

∂

∂t
⟨Ψα⟩+∇ · (⟨uα⟩⟨Ψα⟩) +∇ · ⟨Ψ̃αũα⟩

+
1

V

∫
Aαβ

Ψαuα · nαβ dA

= ∇ · ⟨Ωα⟩+
1

V

∫
Aαβ

Ωα · nαβ dA

(7)

2.2. Immersed microscopic heat transfer equations

In a porous medium at the grain or pore-scale, the conduction-
convection heat transfers equations are described by the fol-
lowing system



(ρcp)s
∂Ts

∂t
= ∇ · (ks∇Ts) in Vs

(ρcp)f
∂Tf

∂t + (ρcp)f∇ · (uTf ) = ∇ · (kf∇Tf ) in Vf

Ts = Tf at Asf

kf∇Tf · nsf = ks∇Ts · nsf at Asf

Following the method introduced by Peskin [20], this
problem can be rewritten as a single equation defined over
the entire domain of study. We consider the force F (s, t) that
represents the interfacial interactions. This force is taken into
account as a source term

S =

∫
A

F (s, t)δ(x−X(s, t)) ds (8)

In the case of heat transfer, the mutual interaction between
the fluid and the solid phases is expressed as the source term
in the rewritten problem [21] as

ρcp

(
∂T

∂t
+∇ · (uT )

)
= ∇ · (k∇T ) +

∫
Asf

Qδ(x−X) dS

(9)

where

• ρcp = ρfcp,f in Vf

• ρcp = ρscp,s in Vs

• k = kf in Vf

• k = ks in Vs

• u = uf in Vf

• u = 0 in Vs

x and X represent the Eulerian and Lagrangian coordi-
nates respectively and δ is a Dirac. The heat source Q is ex-
pressed with a jump function at the interface such that

Q =

[
k
∂T

∂n

]
(10)

where [ ] is a jump function at the interface. Thanks to the
condition of continuity of the heat flux at the interface, the
immersed problem is therefore written as

ρcp

(
∂T

∂t
+∇ · (uT )

)
= ∇ · (k∇T ) (11)

2.3. Homogenization

In the following development, we will consider a periodic
medium. Let’s begin by the first term of the generalized heat
transfer equation considering that the interface velocity is
zero.

〈
∂T

∂t

〉
=

∂

∂t
⟨T ⟩ − 1

V

∫
A

TW · ndA

=
∂

∂t
⟨T ⟩
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Let us apply the the hypotheses of incompressibility and
non-slip to the second term from of the left hand side. We
obtain

⟨∇ · uT ⟩ = ⟨∇ · (Tu)−����T∇ · u⟩

= ∇ · ⟨Tu⟩+
��������1

V

∫
A

Tu · ndA

The perturbation decomposition Eq.(6) is introduced
knowing that the average of the perturbation is zero.

∇ · ⟨Tu⟩ = ∇ · [⟨⟨T ⟩⟨u⟩⟩+ ⟨⟨T ⟩ũ⟩+ ⟨T̃ ⟨u⟩⟩+ ⟨T̃ ũ⟩]
= ∇ · [ ⟨T ⟩⟨u⟩+����⟨T ⟩⟨ũ⟩+����⟨T̃ ⟩⟨u⟩+ ⟨T̃ ũ⟩]
= ⟨u⟩ · ∇⟨T ⟩+∇ · ⟨T̃ ũ⟩

Performing a magnitude analysis the last term is ne-
glected. Then the right-hand term gives,

⟨∇ · (k∇T )⟩ = ∇ ·
[
k

(
∇⟨T ⟩+ 1

V

∫
A

T̃n dA

)]
+

1

V

∫
A

k∇T̃ · ndA

Following the procedure described in [22], to obtain a
closed form of the transport equation, it is necessary to substi-
tute the result of the homogenization to the initial microscopic
equations. Introducing the mapping vector b as [23, 24]

T̃ = b · ∇⟨T ⟩ (12)

the closure problem takes the form

(ρcp)ũ+ (ρcp)u · ∇b = k∇2b (13)

and the effective thermal conductivity is shown to write

¯̄k = [ϵkf + (1− ϵ)ks]
¯̄I +

kf − ks
V

∫
Asf

nsfbfdA

−(ρcp)f ⟨ũ bf ⟩f
(14)

The first term is the arithmetic average of the phase con-
ductivities. The second term is a correction that captures the
tortuosity of the fluid-solid interface. The last one is called
the dispersion; it accounts for the local modifications of the
heat flux by the internal flow [23, 10].

ϵ is the fluid volume fraction and bf is determined from b
with a phase indicator.

2.4. Numerical methods

The perturbation velocity is needed to determine bf that is
also needed to evaluate the dispersion term of the effective
thermal conductivity. To obtain the perturbation velocity, an
immersed boundary solver has been developed in OpenFoam
using a SIMPLE pressure–velocity coupling procedure [25].
It solves the following system of equations

 ∇ · u = 0

∇ · (u⊗ u) = −∇p+∇ · τ − µK−1u
(15)

in the fluid and solid domain with a penalization term
µK−1u applied to the momentum conservation equation [26,
27]. The permeability K varies spatially to make the penal-
ization term dominant in the solid zone and negligible in the
fluid zone. The perturbation velocity is obtained from Eq.(6)
and it is used to solve the closure problem Eq.(13). The field
b is a solution of Eq.(13) up to a constant. To converge to
the right solution, the problem is constrained by the average
value of the mapping vector that should be zero. Finally, the
closure problem is iteratively solved, a solution is obtained
for the mapping vector and the dispersion is computed.

3. TEST CASE AND COMPARISON WITH THE
LITERATURE

3.1. Description of the test case

The pore-scale geometry considered is a periodic array of cir-
cular cylinders of porosity ϵ = 0.37. The ratio of solid and
fluid thermal conductivities is 100. The flow is computed in
a unit cell at a low Reynolds number. This problem was se-
lected as a verification case as it has been studied by Quintard
et al and DeGroot et al [14, 10].

Fig. 2. Periodic array of cylinder considered with a unit cell
in dashed line
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3.2. Grid resolution study

According to DeGroot et al [22], at high Péclet number, a
highly refined mesh is required to reach convergence. As
shown in Fig. 3, the mesh used for our immersed problem is
Cartesian. We carried out our own mesh convergence study.

Fig. 3. Close-up view of solid-fluid interface

Fig. 4. Relative error for Pe = 500

To quantify the impact of mesh refinement on the results,
the relative error between simulation and reference value is
defined such that

error =
kdn − kdref

kdref
(16)

Pe =
ρf ⟨u⟩fcp,fd

kf
(17)

The index n indicates the numerical simulation mesh re-
finement and kd the dispersion term of the effective thermal
conductivity in the x-direction. The reference value is given
by [14]. The characteristic length used in the Péclet number
is the unit cell length. The Péclet number selected to do the
mesh convergence is 500. As shown in Fig. 4, the error decay
is in agreement with the grid-size.

Fig. 5. Dispersion in function of the number of cells for Pe =
500

Fig. 5 shows the convergence trend. For the most re-
fined mesh, the final error is 1%. Based on this analysis, the
300.000 cells-mesh is used in what follows.

3.3. Validation of the dispersion with literature

The test case of the array of cylinders is therefore used to
compare the results obtained with the literature to validate
our overall strategy. We compare the dispersion divided by
the fluid thermal conductivity as a function of the Péclet num-
ber with DeGroot et al and Quintard et al for a low Reynolds
number.

¯̄kd = −ρfcp,f ⟨ũb⟩f (18)

¯̄kcomp = ¯̄I +
¯̄kd
kf

(19)

Figure Fig. 6 shows the velocity field in the domain ob-
tained with the penalization method.

Fig. 6. Velocity field in the unit cell ⟨u⟩f = (1; 0; 0)
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Fig. 7. Plot of the dimensionless dispersion part of the effec-
tive thermal conductivity in the axial direction for Re = 1

The results presented in Fig. 7 show that the strategy de-
veloped in this work provides results in agreement with the
literature. Indeed, on this test case the dispersion part of
the effective thermal conductivity obtained in this work is in
agreement with the results of DeGroot et al and Quintard et al
on a wide range of Péclet number for a high thermal conduc-
tivity ratio. Results are also in good agreement for the others
components of ¯̄kcomp.

4. APPLICATION TO A TOMOGRAPHY OF
CALCARB

The evaluation of the dispersion contribution to the effective
thermal conductivity being validated on a reference problem,
the same procedure will now be applied to a tomography of
Calcarb.

Carbon fiber preforms, such as Calcarb are used as skele-
ton in heat-shield materials with a high average porosity. The
digital representation of its micro-structure has been acquired
at the Advanced Light Source (ALS) at Lawrence Berkeley
National Laboratory and more details can be found in Borner
et al, 2017 [28]. The domain is considered large enough
to be representative. In order to make the domain periodic,
we will add a thin layer of fluid mesh around the domain.
This method, which is evaluated and discussed in [29], al-
lows solving the closure problem on non-periodic domains
with good accuracy. The geometry is always approximated
using a Cartesian mesh and this creates mesh slots when the
geometry is approached.

The porosity of the approximated geometry represented in
Fig. 9 has been evaluated in order to select a relevant mesh re-
finement, knowing the real porosity of the material ϵ = 0.913
[28].

The study of the convergence of the porosity Fig. 10 leads

Fig. 8. Volume rendering of the tomography of Calcarb

Fig. 9. Close-up view of the microstructure of Calcarb ap-
proximated by a Cartesian mesh.

us to use the 42 million mesh. Indeed, this one seems to be
a good compromise between a moderate number of cells for
the simulation time and a good approximation of the true ge-
ometry. The fluid-solid thermal conductivity ratio is still used
as being equal to 100. The characteristic distance used for
the Péclet number is the average distance between two pores
given by [29] and equal to 135 µm.

The results obtained are presented in Fig. 11. They high-
light the impact of the dispersion on the effective thermal con-
ductivity. Dispersion is stronger in the flow direction than in
the perpendicular directions.

The thermal conductivity of carbon fibers is about 2
W/m/K. The thermal conductivity of gases at room temper-
ature is about 0.02 W/m/K. The effective conductivity of
Calcarb is about 0.2 W/m/K. In this study, the dispersion
term becomes important for a Péclet number above 1, that is,
a gas flow velocity of 0.1 m/s.
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Fig. 10. Comparison between the real porosity of the geom-
etry (dotted red line) and the porosity calculated with the ap-
proximate geometry (blue line).

Fig. 11. Evolution of the dispersion Eq.(19) in function of the
Péclet number for the Calcarb geometry

5. CONCLUSION

This study investigates the impact of dispersion on the effec-
tive thermal conductivity. To this end, the homogenisation of
the microscopic heat transfer equation has been carried out
with the volume averaging method. The closure problem has
been implemented in PATO. The solver has been validated on
a reference problem from the literature. The strategy has then
been applied to a tomography of Calcarb. This study high-
lights the impact of convection on the effective conductivity
of fibrous materials. The effect increases with the Péclet num-
ber that is related to the gas velocity. Dispersion is showed to
increase significantly the thermal conductivity of Calcarb for
gas velocities above 0.1 m/s. Further studies will be needed
to evaluate the impact of this phenomenon, so far neglected,
in flight conditions.
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